SELF-MAPS OF THE PRODUCT OF TWO SPHERES FIXING THE 

DIAGONAL 

HANS- JOACHIM BAUES AND BEATRICE BLEILE 

Abstract. We compute the monoid of essential self-maps of S n x S n fixing the diagonal. 
More generally, we consider products S x S, where S is a suspension. Essential self-maps 
of S x S demonstrate the interplay between the pinching action for a mapping cone and 
the fundamental action on homotopy classes under a space. We compute examples with 
non-trivial fundamental actions. 
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1. Introduction 

This paper investigates self-maps of S n x S n fixing the diagonal A : D = S" — > S" X S". 
^ ■ To be more precise, we consider the set, [S n x S n , S n x S n ] A , of homotopy classes under 

D, and the function 

ifi n : [S n x S n , S n x S n } A — > [S n x S n , S n x S n }*, 

which takes the homotopy class of a map relative D to the homotopy class of the same map 
relative the base point * G D. There is a fundamental action of F = n n+ i(S n ) © 7r„ + i(5' n ) 
on [S n x S n , S n x S n ] A such that f n (f) — ^Pn(g) if an d only if there is an a G F such that 
CN ■ f + a = g, see Section 

r^ . Theorem 1.1. The function (p n is injective, that is, the fundamental action is trivial for 

O ' n> 1. 

O' 

In other words, given a self-map F of S n x S n with FA ~ A, there is a homotopy F ~ G 

with GA = A and the homotopy class of G is uniquely determined by F. 

More generally, given a suspension 5* of a co-H-group with diagonal A: D = ScSxS 

?-h ' and a map v : D = S — > U, we consider the function 

ip: [Sx S,U} V — > [S xS,U}*, 

where [S x S,U] V is the set of homotopy classes of maps under D. In Section @] we compute 
both sets in terms of Whitehead products and obtain a criterion for ip to be injective. 

The function ip is not injective in general, that is, there are spaces U and maps v : S —¥ U, 
for S = S 2 , such that the fundamental action on [S x S,U] V is non-trivial. 
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We compute the orbits of the fundamental action for S = S n x S n in Sections 0] and [5], 
apparently providing the first example in the literature where such orbits are computed 
for subspaces other than points. In particular, we obtain 

Theorem 1.2. Take a map v : S n — » U . Then 

[S n xS n ,U] V =\jK2n(U)/ Iu , 



where u ranges over the set T of all u = (u',u") G Tt n {U) x TT n (U) with [u',u"] = and 
u' + u" = v. Let w = u" + (-l) n- V, so that v = w + (1 + (-l) n )u' . Then 

I u = {[q,w] I a E n n+ i(U)} and 

J u = {[a,w] + [j,u'] | a, 7 € 7T n+1 (U)}. 

The orbits of the fundamental action are given by the quotient groups Ju/j acting on 
^2n\U)/j . Thus ip is infective if and only if I u = J u for all u G X. 

To determine the monoid [S n x S n , S n x S n ] A , consider the monoid J\f of (2 x 2)-matrices 
over Z given by 



A/-={ 



a' a" 
b' b" 



l^b' + b" = 1} C End(Z©Z). 



Let Ai be the submonoid of matrices with a', a", b', b" G {0, 1}. There are four canonical 
self-maps of S n x S n which fix the diagonal, namely the identity, /, the interchange map, 
T, P' = A o pr x and P" = A o pr 2 , where pr^ : S n x S n — > S n is the projection onto the 
2-th factor for % = 1, 2. We obtain the multiplication table 
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and identify the monoid formed by I,T,P' and P" with the monoid Ai. Let r^ n+1 G 
7r n+i(5' n ) be the Hopf element, i n G rr n (S n ) the identity and [r] n+ i,i n ] G 7r 2 „(S' ?1 ) the 
Whitehead product. We know that tcs(S 2 ) = Z and 7i n+ i(S n ) = Z 2 ,i > 3, are generated 
by 7/n+i. Moreover, for small n the Whitehead product satisfies 



n 


2 


3 
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[Vn+lj % n\ 








7^0 


7^0- 



see [9]. We define the abelian group V n by 

V n = K2n(S n )/ [r]n+iM 



SELF-MAPS OF THE PRODUCT OF TWO SPHERES FIXING THE DIAGONAL 3 

If n is odd, V n © V n is an A/"-bimodule. Namely, for (x,y) G V n © V n , the left action of 



a 



a' a" 
V b" 



G M is given by 



a(x, y) = (afx + a"y, b'x + b"y) 

and the right action is given by 

{x,y)a= (a'b" + (-l) n b'a")(x,y). 

If n is even, V n © V n is an .A/f-bimodule by the same formulae. We define the monoid 
M n = M x (Ki © K) by the multiplication 

(m, (x, y)) o (m', (x', ?/)) = {mm! , (m(x', y') + (x, y)m'), 

that is, .M n is a split linear extension of M.. 

Theorem 1.3. The set [S n x S n , S n x S n ] A together with composition of maps is a monoid 
isomorphic to M. n , if n is even. If n is odd, the monoid N n = [S n x S n ,S n x 5* n ] A is a 
linear extension of Af by the bimodule V n © V n , that is, there is a surjection n : Af n — > N 
of monoids and a free action + of V n © V n on M n , such that the linear distributivity law 
holds, that is, 

{m + (x, y)) o [m! + (x', y')) = m o m! + m(x', y') + (x, y)m', 

and 7r(m) = n(m') if and only if there is (x,y) G V n © V n with m + (x,y) = m! for 
m, m' G Af n . 

For n odd it remains an open question whether the linear extension Af n splits. Here 
M n splits if and only if the cohomology class [Af n ] G H 3 (Af, V n © V n ) represented by J\f n is 
trivial, see [7]. 

For the proof of Theorem 11.31 we use the fact that the Whitehead product [i n ,i n ] has 
infinite order if n is even, is trivial for n = 1,3,7 and otherwise an element of order 
2. Moreover, we use the realizability conditions for u = (u',u") in Corollary I4.4[ where 
u' + u" = 1 implies that either u' or u" must be even. 

Theorem 11.31 was proved for n = 2 by different methods in [6]. The special case motived 
the authors to consider the general case in this paper. 

2. The Fundamental Action 

Let D be a space and let i : D ^ X be a cofibration. Given a map u : D — >■ U, we 
consider maps / : X — >■ U under D, that is, maps with fi = u. Two maps f,g:X—}U 
under D are homotopic relative D, if there is a homotopy H : / ~ g, such that for each 
t, < t < 1, the map i^ is also a map under D. Let [X, f/] D = [X, U\ u be the set of 
homotopy classes relative D of maps under D. For .D = * a point, the set [X, U]* is the 
usual set of homotopy classes of base point preserving maps. Given a cofibration E ^ D, 
the forgetful map 

v : [ X , U] v —> [X, U] E 
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takes the homotopy class [/] relative D to the homotopy class [/] relative E. The image 
of ip is the subset of all elements [g] G [X, U] E with gi ~ u relative E. Let E^-D be the 
pushout of S l x E -» E and S 1 x E >-h> S l x D. Then [EgD, £7] v is a group acting on 
[X, [/]" via the fundamental action +, given by the homotopy extension property of the 
cofibration D >-> X. By II (5.17) in [3j, y>(/) = </?(#), for /, 3 G [X, [/]", if and only if there 
is an a G [E#.D, U] v such that f + a = g. 

In general, the fundamental action is non-trivial. For example, if _£7 = 0, the empty 
set, and D — *, the point, then the fundamental action is the action of the fundamental 
group. If X = K(G, 1) and U = K(H, 1) are Eilenberg-MacLane spaces, then [X, U]* = 
H.om(G,H) and 7r 1 (C7) = H acts via (ip + ot)(g) = —a + <p(g) + ct for a G H and <p G 
Kom(G,H). 



3. The Pinching Action 

Choosing a closed ball B 2n in the complement, S n x S n \ A(S n ), of the diagonal, we 
obtain the pinching map, \x : S n x S n — > S n x S" V S 12 ™, by identifying the boundary of 
the ball to a point. The map \i induces the pinching action of the group TT2n(U) on the 
set [S n x S 1 ",?/]", where u : -D = S n — >■ C/ . This action commutes with the fundamental 
action of Section [2J Since Z) = S*™ is a suspension, there is a homotopy equivalence, 
H*D ~ S'™ +1 V D, under D, and the fundamental action on [S n x S n , U] u is an action of 
the group [E*D, t/] u = 7r n+1 (f/). The pinching action and the fundamental action define 
an action of ir 2n (U) © ir n+1 (U) on [S n x S n , C/] u . Putting U = S n x S n and denoting the 
homology functor by H n , we obtain 

Lemma 3.1. Take f,g G [S n x 5 n , ^ n x S"] A . Then H n (f) = H n {g) if and only if there 
is anaeW n = n 2n (S n x S n ) © 7r n+1 (S n x S n ) with f + a = g. 

Lemma 13.11 follows from equation ([T|) in Section H] which is devoted to the computation 
of the isotropy groups of the action of vr 2n (f/) © ir n+ i(U) on [S n x S n , U] u . 



4. Computation of the Isotropy Groups 

Let S = ET be the suspension of a pointed space and assume that the diagonal A : D = 
S C S x S is a cofibration. There is a homotopy H : A ~ fi from the diagonal A to the 
comultiplication ^ : D — S—±SVS<zSxS. Let Z be the mapping cylinder of /i. Then 
H yields a map H : Z — >• S x S under D, which is a homotopy equivalence in Top*. By 
Corollary II 2.21 in [3], H is also a homotopy equivalence in Top and hence, for a map 
v : D = S ->■ U, ' 

[Z,U} V = [S x S,U] V . (1) 
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We consider the diagram 



Z = C 




which corresponds to diagram II (13.1) in [3]. We are interested in the special case where 
D = S,Q = T V T and h is the trivial map. Then B = S' V S" V D is a 1 -point union of 
three copies of S = S', S", D, and we denote the inclusions of S by e', e" and e, respectively. 
Further, we put A = E(T A T) V S and 



r ' "i 



fl — /|s(TAT) 

h = f\s = -e + e' + e", 



the Whitehead product, 
the sum of inclusions. 



It is known that the mapping cone Cf coincides with Z, see for example (0.3.3) in [2]. For 
S — S n , the coaction on Cf yields an action corresponding to the action in Lemma [3.11 
The map u in the diagram is an extension of v and thus determined by u', u" : S — > U. 
In order to apply 11(13.10) in [3], we recall the definition of the difference element of a 
map / : A — >■ Ch, where Ch is the mapping cone of a map h : Q —¥ D. The inclusions 
i\ : EQ — > EQ V Ch and i% '■ Ch — > EQ V C^ yield the map z 2 + zi : C^ — >■ EQ V Ch and 

V/ = -/* (i 2 ) + /* (*2 + n) : ^ — > sg V C h . 

Note that V/ is trivial on Ch, that is, (0, 1)*V/ = 0. An extension w of w gives rise to 
w + : [YjA, U] — >■ [C/, [/]", a H- w + a, where the action + is given by the pinching map of 
the mapping cone Cf. Now 11(13.10) in [3] yields 



Theorem 4.1. There is an exact sequence 



[E 2 Q,[/] — [EA,[7] 



[C f ,U] v —^[B,U] v 



r 



[A,U], 



where V(u, /)(/?) = (E'V f)*(f3,u) and £7 zs £/je partial suspension. 



Special cases of Theorem 14.11 for D = * correspond to results by Barcus and Barratt pQ 
and Rutter [8]. 

For the computation of V(w, /) we must consider V/ : A — > EQi V EQ 2 V -D, where 
Q 1 = Q 2 = T V T and £V/ : EA -)■ E 2 ^ V EQ 2 V D. The inclusions e' and e" yield the 
corresponding inclusions e[, e 2 , e'{, e 2 of 5 in EQi V EQ 2 V £> and the inclusions Ee'^Ee'/ 
of ES in E 2 Qi V EQ 2 V £>, so that 

V/i = - [e' 2 , e 2 ] + [e 2 + ei , e 2 + e"] , 

V/ 2 = -(-e + e / 2 + e 2 / ) + (-e + e 2 + e / 1 + e 2 / + e' 1 / ). 
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If T is a co-H-group, the Whitehead product is bilinear and we obtain 

V/i = &,<% + &,<%] + &,<% 

where r:TAT-)-TATis the interchange map. Then 

see (3.1.11) [2J. Moreover, V/ 2 = e' x + e'{, so that 

£V/ 2 = Se; + Ee'/. 

By the definition of V(w, /) in Theorem 14 .![ we thus obtain 

V(«,/i) : P 2 (TVT),(/] -> [E 2 (TAT),[/], V(u,/i)(a,/3) = [a,u«] - (E 2 r)* [/W], 
V(u, / 2 ) : [E 2 (T V T), IT] -> [E 2 T, [/], V(u, / 2 )(a, /?) = « + /?. 

We leave it to the reader to compute these functions when T is not a co-H-group. 

For the suspension S = ET with diagonal A : S C S x S and a map u : S — > U as above, 
consider the commutative diagram 

[Z,U] V = [S x S,U} V ^[SxS,U]* (2) 



PA 



[SVS,U]*. 



The group [E 2 T A T, [/] acts on [S x S,U}* and the group [E 2 T A T, U] © [E 2 T, [/] acts on 
[Z, [/]". For f,g E [S x S,U]* we obtain p(/) = p(g) if and only if there is an element 
a G [E 2 T A T, £/] with f + a = g. For f,g& [Z, U] v we obtain Pa(I) = Pa(sO if and only 
if there is an element (a, 0) G [E 2 T AT,(/]ffi [E 2 T, [/] with / + (a, /3) = #. An element 
u = (u',u") G [SV S", U\* is in the image of p if and only if [u',u"] = 0, and then the 
isotropy group of the orbit p~ x (u) is the image of V(w, /i), see (3.3.15) in [2]. Moreover, 
w is in the image of pa if and only if v! + u" = v and [vf, u"] = 0, and then the isotropy 
group of the orbit p~&(u) is the image of V(w, fx) + V(w, / 2 ). 

Theorem 4.2. Let S = ET fre the suspension of a co-H-group T and let v : S ^r U be a 
map. Choosing a representative in each orbit, we obtain the bijection 

[SxS,Ur = \J[^TAT,U] /luj 

u 

where u ranges over the set X of all u = (u', u") G [S, U] x [S, U] with \u' , u"} = and 
u' + u" = v, and 

I u = {[a,u"} + (E 2 r) *[«,«'] | a G [E 2 T,[/]}. 
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Proof. Surjectivity of V(w, f 2 ) yields the commutative diagram 

V(«,/i) 



kerVfu, f 2 ) 



V(u,/ 2 ) 

[ES,U} = 



[£ 2 T A T, U] [S 2 T A T, U]/ h 



V(nJ) 



\EA, U] 



cokerV(w, /) 



0. 



of short exact columns and exact rows, where I u = V(w, /i)(ker(V(w, i^)))- The formula 
for I u follows from the computation of V(w, /1) and V(w, f-z). □ 

Theorem 14.21 corresponds to (3.3.15) in [2], where [S X S 1 , £/]* is computed by the formula 

where u ranges over the set J of all u = (u', u") G [S V S, U] with [«', u"] = and 

J u = {[«,«"] - (£ 2 r)*[/3X] I a,/3 6 [X 2 T,[/]}. 
Moreover, the diagram 

[5 x 5, [/]* = [j ueI [S 2 T A T, U], Iu 

•r 

[SxS,U}* — {J u€j [VTAT,U] /ju 

commutes, where X C J and the arrow on the right hand side is induced by the identity. 
Thus we obtain 

Corollary 4.3. The orbits of the fundamental action are given by the quotient groups Ju/j 
acting onV-'TA T, U\jj _ Thus cp is infective if and only if I u = J u for all u G X. 

For the special case of a sphere S = S n , we obtain 

Corollary 4.4. Take a map v : S n -> £/ . T/ien 

where u ranges over the set X of all u = (u',u") G n n (U) x n n {U) with [u',u"] = and 
u ' + u » = v. Let w = u" + (-l) n ~V, so tfwrf u = 10 + (1 + (-l) n )u' . Then 

I u = {[a,w] I a G ir n +i(U)} and 

J u = {[a,w] + ["f,u'] I a, 7 G7T n+ i(C/)}. 

Corollary 4.5. Lei t> = i^n : S 1 " — > 5" be the identity. Then the fundamental action on 
[S n x S n , S n ] v is trivial. 
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Proof. Take u = ««") 6 Z © Z = [S n V S n , S n ] with uV'[i n ,i n ] = [<«"] = and 
u'+u" — v — 1. Then J u is the subgroup of all elements of the form (u"+(—l) n+l u')[r] n+ x,i n ] 
and Ju is the subgroup generated by u"[r) n +i,i n ] and u'[rj n+ i,i n }. As «' + u" = 1 implies 
that either vl or -u" must be odd and [rj n +i, i n ] = for n = 2 and is an element of order 2 
otherwise, we conclude that I u = J u . □ 

5. Computation of /„ and J m for S* 2 x S 12 

First recall Whitehead's quadractic functor I\ A function 77 : tt 2 — > 7r 3 between abelian 

groups is quadratic if r)(—a) = 77(a) and 7r 2 x n 2 — > n 3 , (a, b) \-¥ rj(a+b) — 77(a) — i]{b) = [a, b} v 

is bilinear. There is a universal quadratic map 7 : tt 2 — > ^{^2), such that there is a unique 

homomorphism r] n : r(7r 2 ) — > 7r 3 with 77 = 777°. To define the T-torsion rT(7r 2 ), take a 

d 
short free resolution A\ >— ► Aq -» ir 2 and consider the sequence 

A 1 © A x -^ r(A0 © A x © A -^ F(A ), 
where 8x = (T(d), [d, 1]) and 5 2 = ([1, 1], -1 © d)- Then 

rr(7r 2 ) = M^/im^). 

Moreover, let M (77) be the subgroup of 7r 3 © ^/2 © 7r 3 © ir 2 generated by 

(r]x) © x and 

[x, j/]jj © 1 + (772;) © y + [y, x]' v © x, 

where x,y E n 2 and [x, y]' = r/(x + y) — T)(y). Putting 

r 2 (r/) = fa © Z /2 © vr 3 © 7T 2 )/ M ^), 

there is a short exact sequence of abelian groups 

r1(?7> -r 4 (r/)^rT(7r 2 ), (3) 

where ^4(77) is the group I^i^r?, 2) in (12.3.3) which is the natural element contained in 
Ext(rT(7r 2 ),r 2 (r/)) computed in (11.3.4) and (11.1.21) in [4]. 

Definition 5.1. Let 7r 2 , 7r 3 , tc^, H 2 , H%, H4 and H5 be abelian groups with H§ free abelian 
and 7r 2 = if 2 . A (5 -dimensional) Y -sequence is an exact sequence in the category of abelian 
groups 

H 5 r 4 (r/) 7T 4 *- H 4 r(vr 2 ) -^— n 3 > H 3 0. (4) 

A morphism if of V -sequences is given by homomorphisms Hi(ip) : Hi — > Hl,TTi((p) : 7Tj — > 
ix\ and r 4 (y9) : 1^4(77) — > T^rj') compatible with the exact sequences (j3j) and (J4J). Here 
(r(7r 2 ((^)),7r 3 ((^)) is a morphism 77 — >■ rf inducing a map ^(77) — > r^'). 

The following result is proved in [4]. 
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Theorem 5.2. There is a representable functor W from the homotopy category of simply 
connected 5 -dimensional CW-complexes to the category of '5 -dimensional I '-sequences. In 
other words, for every V -sequence 0) there is a simply connected ^-dimensional CW- 
complex U, such that the V -sequence W(U) is isomorphic to @) in the category of V- 
sequences. We call U a realization of Q). 

Note that (|4]) is realizable, but does not determine the homotopy type of the realization 
U. Complete invariants classifying the homotopy type of U are provided in (12.5.9) in |4]. 
Theorem 15.21 follows from (3.4.7) and (11.3.4) in jl], see also 7.10 in [5]. The functor W is 
an enrichment of Whitehead's Certain Exact Sequence [TO] . 

For n = 2 we now show that the groups I u and J u in Corollary 14.41 depend on the re- 
sequence of U only. Given a T-sequence (jl]) and y G 7r 2 , let [7r 3 ,y] C 7r 4 denote the image 
of 

7T3 ® (ij) >■ 7T.3 <S) 7T 2 ^ rf^) > *" ^i(v) *" 7F 4- 

By (11.3.5) in [4], [7i 3 ,y] corresponds to the Whitehead product. 

Theorem 5.3. Given a V -sequence ^ and a realization U of ^), take w, u' G 7r 2 = ^{U), 
such that [u', u"] = for u" = w + u' . Then 

I u = [tt 3 ,w] and 

J u = [n 3 ,w} + [n 3 ,u'}. 

In order to find examples with I u ^ J u , we choose appropriate T-sequences. 

Corollary 5.4. Consider a Y -sequence ^ with realization U and elements w,u' G 712, 
with 7r 2 = 7r 2 © (w) © (u 1 ) and n 3 © (u') 7^ 0. Further, assume ^ satisfies r\ = and 
H 5 = 0. Then [u', u"\ = for u" = w + u' , 

I u — 7T3 © (w) and 

J u = 7T 3 ©((W) ©(«')), 

so that *u/j = 7T3 © (u') 7^ 0. Hence the fundamental action on [S 2 x S 2 ,U] V is non-trivial, 
where v : S 2 — >■ U represents u' + u" = w + 2u' . Moreover, the orbits of the fundamental 
action are of the form tt 3 © (u f ), where the abelian group 7r 3 can be chosen arbitrarily and 
(u') can be any cyclic group. 

Proof. As H 5 = 0, the map r 4 (^) — > 7r 4 is injective. Therefore the map r 2 (^) — > 7r 4 is also 
injective. Further, t] = implies M{r]) = and hence r|(r/) = ix 3 © ^/2 ffi 713 © 7r 2 . Thus 
frr 8 , w] = n 3 © (w) and [vr 3 , io] + [vr 3 , u'] = n 3 © ({w) © («')). 

D 
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